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We applied Weber's analog integral theorem of , where the disturbance at U ( fig. S1 ) for a convergent SPP wave is given by 
For a field distribution near the focus,
can be simplified as
which can be regarded as a 2D integral
    is the Dirac delta function. By neglecting the imaginary part of k spp (since it is much smaller than the real part) and using the following approximation
we arrive at
where
Neglecting the constant factor yields In this section, we show how to obtain the initial-launch-distribution that is loaded onto the SLM to excite specific SPP fields. Figure S2A , shows the process flow to obtain a ring-shaped distribution of the initial-launch-distribution for an SPP field.
The process steps are 0. At the beginning, we define an initial condition for the starting loop of the algorithm. Here, a convergent wavefront with a ring-shape distribution is used, which can generate a focused spot at the center of the structure.
1. A forward Fourier transform is applied to the ring-shaped distribution. It processes the waves that propagate from the structure to the target domain to reconstruct the in-plane field on the surface of the gold film.
2. In the target domain the amplitude term of the reconstructed field is replaced by the amplitude distribution of the target field, while the phase term remains unchanged. A new complex amplitude distribution is generated.
3. An inverse Fourier transform is applied to the new complex amplitude distribution to produce a complex field distribution from the target domain to the structure domain.
4. In the structure domain, the complex amplitude or phase-only field located on the ring is extracted while zeroing the other regions to obtain a ring-shaped distribution.
5. The process is repeated from step 1.
The resulting reconstructed field (step 1) is compared with the target one. By using the correlation between both images as a criterion, a decision is taken to finish the process or continue iterating. To simplify the projecting process from the SLM to the sample plane, the phase distribution (labeled by field U, as shown in fig. S2B ) was extended to a spoke-like radial phase distribution (labeled by field ∑ , as shown in fig. S2C ). SPP waves can be excited by transverse-magnetic (TM) polarized light at a dielectric/metal interface. A radially polarized beam (RPB) is an ideal information carrier for a ring-groove structure, because the local electric field of an RPB is linearly polarized along the radial direction, and hence, fully TM polarized light with an axially-symmetric structure. However, the process of generating an RPB is complex and involves additional optical components, which would significantly increase the complexity of the system. In addition, the polarized singularity at the center of the beam needs to be carefully aligned with the center of both the hologram and the annular ring-groove. This also increases the complexity involved in adjusting and aligning the optical path. As a result, a circularly polarized beam (CPB) was selected for the experiment instead. In a cylindrical coordinate system, a left-hand circularly (LHC) polarized beam with a planar wavefront can be expressed as 
For simplicity, the CPB is assumed to have an amplitude of unity. The CPB can be In this section, we discuss the spatial resolution of the generated SPP field. In fact, single plasmonic focused spot on a flat metal film takes the form of an evanescent
Bessel beam (also known as plasmonic virtual probe) (10, 26, 42, 43) . When the wavelength of plasmonic wave is 0.613 μm, the full width half maximum ( In free space, for incoherent optical systems, resolution-the minimum resolvable separation of two points is defined by the Rayleigh criterion when the center of the Airy intensity pattern falls exactly on the first zero of the adjacent Airy pattern.
However, for coherent optical system it also depends on the phase distribution associated with the spots (44). Similarly, if we have two closely spaced plasmonic focused spots, the overall intensity distribution can be written as
0 is the normalized amplitude profile of a plasmonic focused spot. 0 is the phase of one spot. And Δφ is the phase difference between the two spots. Figure S5 shows the intensity distributions, phase distributions and vertical intensity distribution curves of two spots separated by 0.22 μm (the FWHM width of one spot) with three different relative phase values. When the two spots are in phase (Δφ = 0), they could not be separated. When the two spots are out of phase (Δφ = π), the 'center dip' falls to zero intensity at the point midway between the locations of the two original spots. But the spacing of two peaks increases to 0.35 μm, so they are no longer located at the 'correct position' we arranged them to be at, deviating from the initial design. When the two spots are in quadrature (Δφ = π/2), the resultant intensity distribution is identical to that resulting from incoherent spots so that we can arrange them where we want. In summary, the resolution of our method depends on the phase distribution of the target plasmonic field, but the best resolution (equal to the FWHM of a spot) in some cases could be better than half of the SPP wavelength. A Helium-Neon laser (Melles Griot, 25-LHP-828) with a wavelength of λ = 632.8 nm was used in the experiment. The linearly polarized laser beam was expanded and collimated by a telescope system and subsequently passed through a linear polarizer and a half-wave plate to produce the desired polarization orientation and power. The linearly polarized laser beam illuminated the spatial light modulator (SLM, Holoeye PLUTO), which was used to imprint the designated phase pattern onto the reflected beam. Because the fill factor of the SLM was 87%, a blazed grating was added to eliminate the disturbance of the DC component of the incident beam that was not modulated by the liquid crystal molecules of the SLM. To achieve this, the phase patterns loaded onto the SLM were generated by overlapping three components: an input phase ∑ , a spiral phase, and a blazed grating phase. After blocking the undesired diffraction orders, the first diffraction order carried the imprinted information for further processing. A quarter waveplate was used to convert the linearly polarized beam into a circularly polarized beam. The phase profile loaded onto the SLM was projected onto the sample plane through the two-lens imaging system comprising Lens 1 (f = 500 mm) and an Objective lens (Olympus lucplanfln 20×, NA = 0.45). An aperture-type near-field scanning optical microscope (NSOM) (NT-MDT NTEGRA Solaris) with an aluminum-coated fiber tip (tip aperture approximately 100 nm in diameter) was used to image the SPP fields on the top surface of the gold film. The distance between the sample and the fiber tip was controlled by a non-optical shear-force feedback mechanism, and was typically less than 20 nm. The resulting in-plane SPP field was collected by the probe and converted into guided modes within an optical fiber, the other end of which was connected to a photo-multiplier tube (PMT) for signal detection and amplification.
The phase response of the liquid crystal molecules of the SLM varied with the wavelength, which was compensated for to produce the desired behavior of the whole-SPP fields by incorporating the reference phase response curve of the liquid crystal into the loaded phase pattern. A near-field experiment was designed to distinguish the two degenerated solutions with opposite directions of phase gradient. In the experiment, we aim to produce an elliptical intensity profile. The SEM of the designed structure was shown in fig. S7A .
A straight groove was placed to the radial direction from the ring-groove center as a plasmonic wave reflector. The radius of the ring-groove was 10um. The length of the straight groove was set to 8 m. The thickness of the gold film was 200 nm. Unlike the ring-groove that was fully milled (the depth of the ring-groove was 200 nm) to the other side of the Au film, the straight groove just was milled 50 nm into the film. Figure S7B shows the intensity distribution of a target plasmonic ellipse calculated by full-wave simulation. As shown by Fig. 3 in the main text, the same intensity distribution might correspond to two opposite in-plane energy flows. The straight groove was placed to break this degeneracy. This auxiliary groove partially reflected incident plasmonic waves and created different interference fringes according the opposite SPP incident directions (clockwise or anti-clockwise depending on the phase gradient, please refer to the uploaded videos for time evolution of the fields). Figure   S7 , C and D show the FDTD full-wave calculation results of plasmonic field intensity distribution with a straight groove (the red dotted box indicate the location of the groove) on the gold film. The attached videos (time evolutions of the FDTD simulations) also indicate this straight groove generates an asymmetric elliptical plasmonic field with its orientation depending on the direction of energy flow (i.e. the direction of phase gradient). Figure S7 , E and F show the measurements obtained by an NSOM that mostly agree with the numerical calculations. The visibility of interference fringes in measurements were not as high as that in calculations, which can be attributed to the fact that the real reflected plasmonic waves were weaker than the calculated (due to higher propagation loss and lower reflectance experienced at the straight groove). The imperfection of samples and slight misalignment of the free space laser beam account for the minor distortions as well. 
